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Abstract 



It is shown how Seiberg-Witten equations can be obtained by means of Fedosov defor- 
mation quantization of endomorphism bundle and the corresponding theory of equivalences 
of star products. In such setting, Seiberg-Witten map can be iteratively computed for arbi- 
trary gauge group up to any given degree with recursive methods of Fedosov construction. 
Presented approach can be also considered as a generalization of Seiberg-Witten equations 
to Fedosov type of noncommutativity. 

1 Introduction 

Seiberg-Witten equations define correspondence between commutative and noncommutative 
gauge theories [T] . The noncommutativity considered in this context is given by Moyal star 
product. Solutions of these equations were found, analyzed and used in noncommutative 
field theories by many authors (compare e.g. El HI [SJ El [3 El El HH] and references therein). 
Original formulation of [1] was based on the relation between two possible regularizations of 
the particular string theory model. However, it was shown that Seiberg-Witten maps can be 
consistently introduced without referring to the string theory, but only by algebraic analysis 
of postulated noncommutative gauge transformations 4 . Another possibility (which will be 
used in our approach) is given by the theory of equivalence of star products [llj . 

In this paper, we are going to show that Seiberg-Witten equations and their solutions 
can be understood as a local manifestation of the global theory - deformation quantization 
of endomorphism bundle |12l I13j . The main inspiration for such considerations comes from 
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the work of Jurco and Schupp showing that the star equivalence relations can yield Seiberg- 
Witten equations [TT] . The approach of [TT] , with Kontsevich theory as a main tool, seems 
to work without any problems only in the case of abelian gauge. (The nonabelian gauge was 
analyzed in [14^. Unfortunately the theory became significantly complicated and the central 
result was stated without strict proof in this case) . The main aim of the present paper is to 
show that equivalence theory in Fedosov quantization yields results analogous to that of , 
but for arbitrary gauge group. Moreover, Fedosov machinery contains iterative procedures 
which can be used for explicit computation of solutions of Seiberg-Witten equations up to an 
arbitrary order. Also, our approach gives some generalization of these equations to Fedosov 
type of noncommutativity. 

The paper is organized as follows. First (section 2), we recall Fedosov formalism of 
deformation quantization of endomorphism bundle. Next (section 3), the theory of isomor- 
phisms generated by Heisenberg equation is used to derive the central relation of this paper 
- formula (jl6p . We use the same theory to introduce commuting derivations of Fedosov 
algebra (following [T5] at this point). Then (section 4), the things are put together and it 
is shown how Seiberg-Witten equations (and their solutions) can be obtained from Fedosov 
equivalence theory. Some concluding remarks are given in section 5. 

2 Fedosov construction of deformation quantization of 
endomorphism bundle 

Let us recall Fedosov construction for deformation quantization of endomorphism bundle. 
We strictly follow sections 5.2 and 5.3 of [H]. Instead of considering general formalism in 
which one deals with arbitrary symplectic bundle, we stick to the simplest case of symplectic 
manifold {Ai,io) which is the base manifold for considered bundles. Since this section is 
given mainly for the purpose of fixing notations, the proofs are omitted and the numbers of 
theorems originally formulated in [T^ are quoted. For detailed insight into geometrical ideas 
behind Fedosov construction (in the case of functions on symplectic manifold) one may refer 
to [T^ . Some further properties and examples can be found in [T71 [TH] . 

The starting point for the Fedosov construction is a Fedosov manifold {A4,uj,d^) i.e. a 
symplectic manifold {Ai,Lu) with some symplectic (torsionless and preserving uj) connection 

(compare [HI |20] for details). Then one considers a complex vector bundle £ over 
A4 with a connection . Our main interest will be focused on the bundle End(f) which 
fiber End(f )a; is a vector space of endomorphisms of corresponding fiber E^. Recall that 
the connection induces a connection Q^'^'^i^) _ Indeed, if in the local frame e of f one 
has d^a = da + T^a then = dB + [T^,B], where is a local, endomorphism- 

valued one-form. Sections of End(f ) can be multiplied with usual composition of linear 
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mappings. Fedosov construction (usualy considered as a deformation quantization of algebra 
of functions on a symplectic manifold) yields fully geometrical, formal deformation of product 
of endomorphisms. Locally this construction can be understood as a deformation of matrix 
product. 

In the first step, one introduces the bundle W (E) End(f) on the base manifold A4, 
where W is the formal Weyl algebra bundle of usual Fedosov construction (^2j section 
5.1). VF® End(f ) is called the formal Weyl algebra bundle with twisted coefficients and will 
be denoted by W. Its fibers are algebras Wx consisting of formal mappings from T^AA to 
End{£)x{[h]] of the form 

aiy)= J2 /i'a^,....,y^^•.•y^^ (1) 

fc,p>0 

where y G T^Ai, ai-^,,,i^ are components of some symmetric, End(f )a;-valued covariant ten- 
sors in local coordinates and ft is a formal parameter. One prescribes degrees to monomials 
in formal sum ([1]) according to the rule 

deg{h''a^,...,^y'' ...f") = 2k + p. 

For nonhomogeneous a its degree is given by the lowest degree of nonzero monomials in 
formal sum ([T]). The operator extracts monomials of degree m from given a 

2k~^p—m 

The fiberwise o-product is defined by the Moyal formula 




(We follow conventions of 12 with minus sign at the imaginary unit. The transformation to 
the most popular form of Moyal product can be easily obtained by putting h -> —h). This 
definition is invariant under linear transformations of y' generated by transitions between 
local coordinates on Ai. Notice that o-product is expressed in terms of the product of 
endomorphisms which is noncommutative from the very beginning. 

We also consider the bundle W ® A. Sections of this bundle can be locally written as 

a = Y^ h''a,,...^^j,...j^ (x)y'i . . . y'^dx^^ A • • ■ A dx^" . 

The o-product in W ® A is defined by the rule (a r/) o (& (Sj ^) = {a o b) ® {t] A The 
commutator of a G W ® A'' and 6 G W ® A'* is given by [a,b] = a o b — {—ly^b o a. It can 
be easily observed that the only elements of W A which vanish on all commutators are 
these which are proportional to the identity endomorphism (or equal to 0) at each point 
and which contain no Thus, scalar forms are just sections belonging to C°°(A)[[/i]]. In 



3 



particular, scalar O-forms can be identified with formal power series with coefficients being 
the functions on Ai. 

Notice that (comparing to the case of Fedosov construction for functions) one deals 
with one subtlety related to initial noncommutativity of endomorphism product. When 
operators of the form K = ^[s, •] are considered, one may not take arbitrary s, since in 
general negative powers of h may be produced. The only allowed s G C°°(yV <8) A) are 
these for which monomials of the form hPai^,,,ij,ji...jgy^^ ■ ■ ■ y^^dx^^ A • • • Ada;-''' are expressed 
by central cndomorphisms only. Let us call them C-sections. Also, let us use the term 
C-operator for mappings which transport C-sections to C-sections. 

Lemma 2.1. For arbitrary C-section s the commutator j^[s,-] is a C-operator. 

The proof is straightforward. 

One introduces an operator S acting on elements of >V i8) A by the relation 
Sa = dx'' A-^ = -^[ujijfdx^, a]. 
Similarly, acting on monomial akm with fc-fold y and m-fold da; yields 



^ s f d \ 

for fc + m > and S~^aoo = 0. Both S and are nilpotent and for a G >V(8iA'^ the Leibniz 
rule S{a ob) = {5a) ob + {—l)''a o 6b holds. An arbitrary a € W (gi A can be decomposed into 

a = aoo + SS~^a + 5~^Sa. 

Symplectic connection induces the connection in formal Weyl algebras bundle W 
which will be denoted by the same symbol. In the case of twisted coefficients (bundle W) 
one deals with connection 9 = c?'^(8)l + l(8) d^'^'^^^^ . Let a be a section of W. Using Darboux 
coordinates on M. and symplectic connection coefficients F'^-^ one may write da (for some 
fixed frame in £) in the form 

da = da+ ^[l/2r,jkfy'dx\ a] + [F^, a], 

with Tijk = oJiiT'-ji (any further raising or lowering of indices is also performed by means of 
oj). When dealing with sections of W (gi A, we can compute d using the rule 

d{ri o a) = dr/ o a + (— l)'^ry o da, 

for ?7 being a scalar fc-form. The o-Leibniz rule holds for d and one could be interested in 
other connections with this property, namely in the connections of the form 

v = a + ^[7,-], 
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with 7 e C°°{W ® A^). One can calculate that — -^[51, •] with the curvature 2-form 
n = R + dj+i-fo^ where R = l/4i?jjMy'y^'dx'= Ada;' - f i?f;da;'= Adx'. Here i?^;,; denotes 
the curvature tensor of symplectic connection and i?f j = dVf /dxk — dVf / dxi + [r| , Ff ] . 
The connection D is called Abelian if it is flat {D^ — 0) i.e. if its curvature is a scalar form. 
The following theorem holds. 

Theorem 2.2 (Fedosov 5.3.3). For arbitrary connection d and arbitrary C-section ^ € 
C°°(W) with deg/i > 3 and /i|y=o = there exists unique Abelian connection 

D = -6 + d+^[r,-], 

satisfying the conditions: 

• Q = —l/2ujijdx'^ A dx^ is the corresponding curvature 2-form, 

• 1-form r is C-section, 

• S^^r ~ [I, 

• deg r > 2 . 

The 1-form r is the unique solution of the equation 

r = ro + S^^ + ° ''^ • (2) 

with ro = S^^R + Sfi. 

Omitting the proof we remark that the solution of ([2]) comes from recursive application 
of id+(5~^ (9 + which for 1-forms is an C-operator (here (a)^° = ao a). The initial 

point for this recurrence is given by the C-section tq . By lemma 12.11 we infer that D is a 
C-operator. 

Section a E C°°{W) is called flat if Da = 0. Flat sections form subalgebra of the algebra 
of all sections of W. We denote this subalgebra by Wd- For a G C^{W ® A) define Q{a) 
as a solution of the equation 

b = a + S-^{D + S)b (3) 

with respect to b. One can prove that this solution is unique, and that Q is a linear bijection. 
Then, Q~^a = a — S^^{D + S)a. The following theorem enables construction of star product 
of endomorphisms. 

Theorem 2.3 (Fedosov 5.2.4). The mapping Q establishes bijection between sections from 
C°°(End(f))[[/i]] andWo- 

Notice that for a e Wd one obtains Q~^{a) — ao, where oq = a|j^=o- We may also infer 
that Q is an C-operator. This comes from the fact that Q is expressed in terms of C-operator 
S~^{D -\- S). For A,B E C°° (End{£))[[h]] the star product is defined according to the rule 

A*B = Q-\Q{A)oQ{B)). 
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The star product obtained in this way is a globaUy defined associative deformation of the 
usual product in C°°(End(£)). 

Remark 1. In proofs of theorems 12.21 and 1 2 . 31 the iteration method is used. Given equation 
of the form 

a^b + K{a) (4) 

one may try to solve it iteratively with respect to a, by putting a'-^' — b and a*-"' = 
b + if(a("-i)). If K is linear and raises degrees (i.e. dega < deg K{a) or K{a) — 0) then 
it can be easily deduced that the unique solution of (|H) is given by the series of relations 
Pm{a) = -Pm(a^™'')- In the case of nonlinear K (as in ([2])) the more careful analysis is 
required [T?j. 

Remark 2. All structures defined above are covariant with respect to both frame and 
coordinate transformations. Let us consider the first covariance. Suppose we have some 
section a of W. Locally, in frame e, a is represented by the matrix a^g^ with entries in 
W ^ A. (We are going to adopt the following convention. For matrices and matrix-valued 
operators which are frame-dependent representations of global objects we put subscript (e) 
to mark the corresponding frame. However, we will omit this marking if the frame is evident 
within the given context). When we perform transformation e = eg^^ this matrix transforms 
according to a^g) = ga(^e)g^^ — 9 ° o,{e) ° 5^^- One easily checks that this relation holds for 
r. Hence, if 



and 




then 

D(S){goai^^) og-i) = goD(^^){ai^^)))og-'^ 

and in consequence 

Q(2)(5°a(e) og"^) = 9°Q{e){a{e)))° 9^^- 

Remark 3. One recovers usual Fedosov construction of star product of functions on M 
by considering bundle £q — Ai x 'C with global frame ei = I and global connection 1-form 
r^o = 0. 

Remark 4. Let both connections and be flat and /i = 0. Suppose we fix Darboux 
coordinates and frame in £ with Tijk = and F^ = 0. Then Abelian connection reads 
Dt = d — 6. The corresponding subalgebra of flat sections is called trivial algebra and will 
be denoted by Wdt ■ The star product obtained in this case is the Moyal one. 
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Remark 5. Also, let us consider the case of arbitrary , flat and /i = 0. Then 
iteration for r starts with section of W containing only central endoniorphisms. Applying 
id +(5^^ {d + ■^(•)^°) we do not produce any noncentral endomorphisms. By inductive use 
of this argument we may infer that the section r obtained as the solution of ([2]) is exactly 
identical to the r obtained by the Fedosov construction of deformation quantization for 
functions on A4. Thus locally, in a frame e with = 0, we observe that 6^e^ = Q{e) ('^(e)) is 
a matrix valued section with entries &(e) — Qsio-{e) ij) where Qs is the bijective mapping 
which generate Fedosov star product of functions. Hence, in such a frame, the resulting 
star product of endomorphisms takes form of the usual matrix product with commutative 
multiplication of entries replaced by the Fedosov star product of functions on M . We denote 
the corresponding Abelian connection by Ds — d + ^[7s, the algebra of flat sections by 
Wds the star product by *5. 

Remark 6. The bundle W can be generalized in the following way. Let denote the 
bundle with fiber given by elements of the form 

2k+p>0 

where the number of monomials with given degree 2k + p is finite. In other words, we 
admit negative powers of h as long as they are compensated by positive powers of y and 
Pm{a) contains finite number of monomials for arbitrary m > 0. The o-product, connections 
(including D) and operator Q extends in a natural way to and W+ ® A. 

We need one more theorem for further purposes. 

Theorem 2.4 (Fedosov 5.2.6). Equation Da = b (for some given b G C°°(W® A^'), p > 0) 
has a solution if and only if Db — 0. The solution may be chosen in the form a — —Q6~^b. 

3 Equivalence of star products generated by Heisenberg 
equation 

In this section general methods developed by Fedosov (T2] section 5.4) are applied to the 
specific case of deformation quantization of cndomorphism bundle. We do not make use of 
full theory constructed by Fedosov. Instead we extract only those parts which are required 
for trivialization procedures. 

The term trivialization will denote the procedure of establishing isomorphism between 
some given algebra Wd and Wdt or Wds ■ The construction of such isomorphisms is based 
on the following theorem. 
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Theorem 3.1 (Fedosov 5.4.3). Let 

Dt = -6 + + ■i[r(t), • ] ~6 + d+ ^[T,,k{t)yYdx'' - ihT'{t) + r{t), ■ ] 

he a family of Abelian connections parameterized by t G [0, 1], and let H(t) be a t-dependent 
C-section of W (called Hamiltonian) satisfying the following conditions: 

1. DtH{t) — 7(i) is a scalar form, 

2. deg{H{t)) > 3. 
Then, the equation 

| + i[HW,al.O (5) 

has the unique solution a{t) for any given a(0) G W (K> A and the mapping a(0) H> a{t) is 
bijective for any t G [0, 1]. Moreover, a(0) G Wdo */ '"^'^ only if a{t) G yVof 

The proof can be done by integrating the equation ([5]) to 

a{t) = a{0)-^j\H{T),a{T)]dT. (6) 

and using the iteration method. Notice, that sohitions of ([S]) can be written in the form 
a{t) — U^^{t) o a(0) o U{t), where U{t) is given as the iterative solution of 

U{t) = 1 + i /" U{t) O H{T)dT. (7) 

" Jo 

In general, [/ is a section of . 

Locally one can construct isomorphism between arbitrary two Wdq and , both 
coming from theorem 12.21 Indeed, fixing some scalar closed 1-form A and some homotopy 
7(i) such that 7(0) = 70 and 7(1) = 71 we find H ds, a. solution to DtH{t) — A + 7(i). Since 
Dt{\ + 7(t)) = f2 = 0, then H{t) can be chosen as -Q5^'^{\{t) + ^{t)) (theorem [131) ■ As a 
quite direct consequence of these considerations one obtains the following theorem 

Theorem 3.2 (Fedosov 5.5.1). Any algebra Wd coming from theorem \2.2\ is locally isomor- 
phic to the trivial algebra Wdt ■ 

Hence, we obtain the following useful relation. 

Corollary 3.3 (Fedosov 5.5.2). If section a G C°°(yV®A) commutes with arbitrary b G Wd, 
where D is generated by theorem \2.2[ then a is necessarily a scalar form. 

The proof can be easily obtained for Wdt ■ Then, the result can be transported to 
arbitrary by means of isomorphism mentioned in theorem 13.21 
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Let Tt denote isomorphism obtained in theorem l3.1l Thus, Tq = id and Tt{yVDa) — y^Df 
Representing Tt by means of O we have Tt{a) = U-^{t) oao U{t). Define Dt = TtDoT^T^ . 
One quickly calculates that 

Consequently we may define 7(t) = ^{0)—ihU^^{t)oD()U{t). Now we are going to investigate 
how Dt and 7(i) are related to Dt and ^{t). 

Lemma 3.4. With above notations and under assumptions of theorem \3.1[ the connection 
Dt is Abelian and Dt — Dt- If additionally DtH{t) — 'j{t) = then 7(<) = 7(i). 

Proof. The Abelian property for Dt comes from obvious relation DtDt — TtD^Di^T^^ . 
Using theorem |3. II one quickly computes that Wjj^ = Indeed, for a e it follows 

that bta = Tt{DoTt~\a)) = Tt{0) = 0. Similarly, for b e W^^, from = Tt{DoTt^\b)) one 
infers that b G Wof Thus, for arbitrary c S Wd^ — yVj=,^ we have Dtc — Dtc — 0. This 
yields ['y{t) — j{t),c] ~ 0. Hence, from corollary 13.31 one obtains that j{t) — ^{t) is a scalar 
1-form. But this means that Dta = Dta for arbitrary a £ C°°(W (g) A). 

Let us compute 7. From JT]) it follows that U = j-^U o H and {/"^ = -j^H o U^^. Thus 

7 = -ihlf-^ o DoU -ihU^^ oDqU = -H oU^'^ oDqU + (U^^ oDoU)oH + DqH 
= DoH + [U-^Da oU,H]^ DtH = DtH. 

If DtH -7 = then 7 = 7. But we know that 7(0) = 7(0). Thus j{t) = j{t). □ 
Finally, let us observe that isomorphisms Tt are fully covariant with respect to transfor- 
mations of the frame e = eg~^ i.e. 

3.1 Local isomorphism between Wd and 

Now, we are going to analyze isomorphisms which will be the main tool for the construction 
of Seiberg-Witten maps. 

Let us fix some local frame e in £. Consider a homotopy G^^^' '^{t) of connection coefh- 
dents with G^^^' (0) = F^ and G^^^'' (1) = 0. Thus, indices of G describe current frame, the 
starting and the ending point of the homotopy. We also fix homotopy m{t) of normalizing 
coefhcients satisfying m(0) — /i and to(1) — 0. G|"g^'°(t) together with m{t) generate family 
of Abelian connections Dt = d + f^['y{t),-], each coming from theorem 12.21 Obviously Dq 
is our initial connection in W and £'i(e) = Ds- Using theorem 12.41 and requiring DtH — 7 
we may find Hamiltonian H{t) ^ -Qt{5-^i). But 7 = -ift-G^^^'" + f. Thus, since A /At 
commutes with 5^^ 

5-^-1 = -iM-iG[''° + S-'^r = -ihG\l:\' + m 
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and consequently 

H{t)^Qt{ihG'^^'^^^y^ -m). (9) 

Observe that H{t) is a C-section obtained by the action of C-operator on C-section. Family 
of isomorphisms generated by this Hamiltonian will be denoted as 



For t = 1 we will write just T^g^ ' ■ 

Suppose now that for each frame e we have a homotopy G^e) (t) of connection coefficients 
such that G(e)(0) is equal to coefficients of in e and G(e)(l) = 0- For e — eg^^ let us 
relate y^ffr^s^'+sds^'.o Tt^J^'". Using dH]) one calculates 

- 5 0<--^^« (t-[:/° «) °(«(e)))) (10) 

It is a matter of straightforward observation that for t — \ the operator 



transports matrices representing flat sections belonging to Wds of frame e to matrices 
belonging to Wds of frame e. By means of U{t) defined in ([7]) one may rewrite ([TU]) at i = 1 
as 

with [/ = U{1). Then, putting V"(5,r^) = [/-i^^y" o C/|g^^^"''^^ o 5-1, one obtains 



Lemma 3.5. V"(5,r^) is a flat section belonging to Wds of the frame e. 

Proof. We are going to show that DsV{g,T^) — 0. Let us compute V~^{g,T^) o 
DsV{g,T^). (All calculations are performed in the frame e. We omit subscript (e) within 
this proof). 



V-'ig,T')oDsVig,T') = g o U''^ ^ o U^' o Dg [u-'^ '\ U^' ' ^''^^ o g-^ 

= go (u-'"^' oU^^'^oDs oC/r^9-^d<, 
+ U~'^' oDsU^"'^"''^) og-^+goDsg-' (12) 



10 



Now, analyze [/'"^'° o DsU One can construct connection 
with 

7 = 7s - i/iC/^''" o = [/r'." 07s o C/-i^'^° - i/iC/r^" o dU-'^''°. (13) 
From lemma it follows that 



^s = U-'^''\^oU^''" - ihU~'^' ' " o dU^' ■ ° , (14) 

where 7 comes from our initial connection _D — d + -^[7, •, ] in W. Inserting ([T^ into ([TS]) 
we get 7 = 7. Using this result again in (fT^ one obtains 

i 



When substituted into (TT^ this yields 



F^i(5,r^)oi?sn5,r^) - '''o-(7-7s)oC/ 



After application of Ds = d + j^l^s, • ] this formula turns into 



-1 



+9°Dsg^'^. 



Let 'jg-idg 7s of e transformed to e. Using lemma 13^ one quickly computes 
f; oDU y = -(7g_ijg - 7). 



Thus 



y-i(g, r^) o DsV{g, T^) = g o ^ (j^-.^g - 7s) o g-^ + g o Dsg-\ 



Now 7s = ujijv'dx^ + l/2rijfcy*?;-'dx'= + rs and 7g-idg = w^^yMx-'' + l/2r.yfc2/*yMa;'= - 
ihg^^dg + r-g-ijjg. Repeating considerations of remark[S]we find that rs = fg-idg- Hence 

V-\g, r^) o DsV{g, T^) ^ dg o g-^ + g o Dsg-\ 

Furthermore, Dsg~^ = dg~^ because there are no noncentral endomorphisms in 75 and g~^ 
contains no y^. Thus, we finally arrive at the formula V~^{g,r^) o DsV{g,r^) = and 
consequently DsV{g,r^) =0. □ 



11 



Making use of above lemma, we can transport relation PT|) back to C°°(End(£))[[/i]]. 

Let 

Mg(F(,)) :=Q5'(7^J>'°W(^(e>))) 
for F being a local section of End(£) represented in the frame e by the matrix F^e^ . Notice 
that Af^'^^ is obviously equivalence of star products generated by D and JDg. Define 

g{9,T'):^Q7s\V-\g,r^)). (15) 

Then, ^ yields 

= ?(.g,r^) *s A^fe>(^(e>) -sg-' (.g,r^) ■ (16) 
3.2 Trivialization of to Wdt 

The next ingredient required for building "noncommutative connection coefficients" T and 
"curvature" i? is a noncommutative version of We are going to use derivations Xi 

defined in [15] . Their most important property is that they commute and thus we may 
define curvature in the usual way Rij — Xi{rj) — Xj{Ti) + [Ti * Tj]. In this subsection 
we briefly summarize results of |15) in the current context and also fix some notations for 
further pourposes. 

As stated in theorem |3.2[ local isomorphism between Wds and Wdt can be established 
by means of theorem 13.11 Indeed, we may locally (for chosen Darboux coordinates) fix 
some homotopy of symplectic connection coefficients G^j.(t) such that G,^j,(0) = and 
Gfji.{l) = Tijk- Restricting our analysis to the case of constant normalization /i = 
we obtain the family Df of Abelian connections with Dq = Dt and Df = Ds- The 
Hamiltonian compatible with theorem 13.11 is given by 

and thus, we obtain desired isomorphism Ts transporting VVdt to W^s • It is quite natural 
to choose 

Ggfe(t) = /(t)r.,fc, (17) 

where / : [0, 1] ^ M satisfies /(O) ~ 1 and /(I) = 0. In this case one can calculate, that up 
to the isomorphism Ts is independent of any particular choice of f{t). 
Using inverse of Ts we may define 

with the commutation property 

'-[\,*s x^] = -u:,^. (18) 



{-^v y^y 1 
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We also introduce derivations 

XJ:^j^[K*sf]. (19) 

Using (fTSjl it can be easily deduced that XiXjf = XjXif. Obviously, if one works with a 
flat symplectic connection and locally Tijk = 0, then Ts = id for homotopies of type pT|) . 
and Xi reduces to . In general the following formulae hold [15j : 

/i2 dr. 



and 



^'^ dx^ \ 48 9a::'* dx^ 1 dx'- j ^ 16 dx^dx^ dx 



1 d^f ar'"^'^ 

24 dx"'dx^dx'' dx' 



4 Seiberg-Witten equations 

We are ready to show how Seiberg-Witten equations and their solutions can be obtained 
from the Fedosov formalism. Following ideas of Jurco and Schupp [TT] let us (for some fixed 
Darboux coordinates) introduce "noncommutative connection coefficients" F according to 
the rule 

(r^ ) (e) := ^ (Affe) i^^j^' ) - A,:) . (20) 
Using relations (IT6l) and (fT9|) one easily computes 

f,(gFV+5d<?-^)(^ = J(A/g'^"+^'^^"(c..,a;^")-A,) 

= 1(9 {9, r^) *s Mfe) *s 9-' {9, r^) - A, 
= 9 (.9, r^) *s I (mS K-^') - A.) *s (.9, r^^ 

+ ;^?(5,r^) *s[A. *f F^)] 

= 5(g,F^)*sr,(F^)(,)*5rM5-r^) 

+?(g,F^)*sX,(rM5,r^))- (21) 

Thus, we have arrived at the formula which reduces to the well known Seiberg-Witten 
equations if *s is the Moyal product (case of Tijk = 0). The important remark which 
should be made here is that one does not need to solve these equations to obtain F and 
Instead, noncommutative gauge objects can be computed with recursive methods of Fedosov 
equivalence theory. Also let us notice that in this way one obtains solutions of Seiberg-Witten 
equations for arbitrary gauge group (since Fedosov deformation quantization of End(f ) is 
valid for arbitrary £). 
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The " noncommutative curvature" may be defined in quite usual form 



Simple calculation yields 



Rij (e) 



where relation (ITOl) and equivalence AI of * (star product in C°°(End(f generated by 
and d^) and *s have been used. With this formula one quickly computes 

Rij (S) = ?*S Rij (e) *S 

since is constant in Darboux coordinates. 

To obtain some kind of Bianchi identities let us define 

DiRjk := Xi{Rjk) + [Ti *f Rjk\- 

Then the formula 

= (22) 

holds as a purely algebraic consequence of XiXj — XjXi and the Jacobi identity. Alterna- 
tively, one may calculate that 

and apply antisymmetrization to get (|22|) . 

Explicit formulae for noncommutative gauge objects require calculation of explicit form 
of T^'g^ ' °, " and U^^)'^ '^^ ■ This is quite tedious but otherwise simple task, involving 

only recursive computations (formulae (0), ^ and ([7])) with known initial points 

for recurrences. One obtains (from now on we omit ^e) subscript) 

T^''°(Q(..,x^)) = Qs(u..,x^-^hTf + [c'f^^r), J^^lfc^-'iv) 

+ [gI' ■ ° (r,) , Gf ''{rj)~rf]drj~ (r) | dr + h'fi,, 

+ yr- ^"{Gr'°(r),Gr'°(r)-r^}dr 

^2 



+^..-{rf,i?f,(o)} + o(/i3)) 



(23) 
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and 

r.(r^) = rf + '-^u- J^' !^G^: %r), £ d^^'dly'M + [gI'-%,),g';'^\,) - rf] d, 

-RUr)]dr + iV5. + J" {g^^'^t), G^;^"{r) - } dr 

+^0.- {rlRUo)} + l^r^'^' + o(/.^), (24) 

where {•,•} denotes anticommutator, R^{t) stands for the family of curvatures generated 
by G^^' "(t), df^Aj = -^A, - V^j,Ak + [G^^'°(t), Aj] and /i5i comes from /z due to relation 
^ — • • • + h?ii5iy^ + • • • . (For sake of simplicity we have restricted ourselves to the case of 
degm(i), deg/i > 4 when arriving at above formula). Natural choice of homotopy G{t) in 
the form G'^''^"(t) = /(t)r^, where / : [0, 1] ^ M, /(O) = 1, /(I) = 0, leads to 

r.(r^) = rf + iA(l.''{rf,Bf. + g}+M5, + 5Siip«)+o(/.").(25<.) 

After switching to field theory conventions for gauge objects and to the most frequently used 
convention for Moyal product i.e. 

= -iA, = -iF, V = -iA, h ^ -h 

relations (pS)) may be rewritten as 



^ /If OA 1 

A,{A) = A, + h i-^^^'" < Aj,FM + ^ f + M5» 

ih / dg-^ dg . ( _^ dg 



-^pA+Oih'), (26a) 



48 dx^ 



di9,A) = 9-^9^^\i^^-^[A.9-^^l)+Oih^). (26b) 

For infinitesimal version of gauge transformations (g = e'-*^, g — e'-^ with small x 9.nd x) it 
comes that 

xix,A) = X + J^^' ^fe} + Oih^). (27) 

Thus, we have arrived at formulae, which for Tijk = and /i5i = reduce to the well known 
solutions of Seiberg-Witten equations [I]. 



5 Final comments 

We have shown how Seiberg-Witten equations can be derived within framework of equiv- 
alence theory of Fedosov star products. In our approach their solutions may be obtained 
up to arbitrary order of h by precisely defined recurrences. Let us summarize all steps of 
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this procedure. The starting point is given by the bundles f , End{£) with connections , 
gEnd{S) respectively, and the Fedosov deformation quantization of End(f ). We are looking 
for noncommutative version of F^. At the very beginning one must fix homotopies G^^^'^{t) 
for each possible frame e. Then, lifting Q{uJijX^) should be calculated. (This involves com- 
putation of r with formula ©). Next, the Hamiltonian H{t) is determined from Both 
Q{ujijX^) and H{t) are put into equation (jS]) for iterative calculation of Tj^^^''^{Q{ujijX^)). 
Finally we project the result back to C°°(End(£))[[/i]] and use Ai (which is calculated in 
quite similar way) to obtain F^ according to (I20p . For 5 the equation ([7]) must be used twice. 
First for computation of U~^^^^''^ , and then for U^^^ ' ^ '^^ . For the second iteration one must 
use Hamiltonian calculated for the homotopy in the frame e = eg^^. Then equation (|15p 
gives g. 

Let us also mention that we have achieved some kind of generalization of Seiberg-Witten 
equations from Moyal to Fedosov type of noncommutativity. Indeed, in covariance relation 
(j2ip the star product *5 is just the matrix product with multiplication of elements replaced 
by Fedosov star product of functions. Notice, that in order to keep well defined curvature 
R we have to introduce some commuting derivations. This is done by importing derivations 
Xi defined in [15] . 

Ambiguities in solutions characteristic to Seiberg-Witten equations arise in our setting 
in two contexts. First, as a consequence of ambiguity in choice of homotopies G^^^^'^{t). This 
is explicitly manifested in formulae ([23]) and (p4|) . The second source of possible ambiguities 
comes from internal degrees of freedom of Fedosov deformation quantization. We have 
(to some extent) analyzed consequences of arbitrariness in choice of /i, but it should be 
mentioned, that this is not the only parameter which can be varied in Fedosov formalism. 
Indeed, one may also change curvature of Abelian connections, which is fixed in this paper 
to be SI = —l/2ujijdx^ A da;-'. As in the case of nonconstant n, equivalences between star 
products with different f2 would yield some extra terms in solutions (j25p . 

Presented construction is (as in the case of the usual Seiberg-Witten equations) local 
and dependent on the choice of particular Darboux coordinates. However, it has been 
shown that Seiberg-Witten correspondence can be understood as a local trivialization of 
the global structure - Fedosov quantization of endomorphism bundle. Thus, it is natural to 
pass from the local description of noncommutative field theory (by means of Seiberg-Witten 
map and Moyal product) to the global one (expressed in the language of Fedosov *-product 
of endomorphisms). The case of noncommutative general relativity will be covered in this 
manner in the author's forthcoming paper. 
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